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In this paper, we study the free boundary problem for the one-
dimensional compressible Navier–Stokes equations with density-dependent
viscosity which, in Eulerian coordinates, can be written as
rt þ ðruÞx ¼ 0; t > 0;
ðruÞt þ ðru
2 þ P ðrÞÞx ¼ ðmðrÞuxÞx; ðtÞ5x5bðtÞ;
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YANG AND ZHAO164where r ¼ rðx; tÞ; u ¼ uðx; tÞ; and P ðrÞ ¼ P ðrðx; tÞÞ denote, respectively, the
density, velocity and pressure, mðrÞ50 is the viscosity coefﬁcient. Here, aðtÞ
and bðtÞ are the free boundaries, i.e., the interface separating the gas and the
vacuum, satisfying:
daðtÞ
dt ¼ uðaðtÞ; tÞ;
dbðtÞ
dt ¼ uðbðtÞ; tÞ
(
ð1:2Þ
and the boundary condition
ðP ðrÞ þ mðrÞuxÞðaðtÞ; tÞ ¼ 0;
ðP ðrÞ þ mðrÞuxÞðbðtÞ; tÞ ¼ 0:
(
ð1:3Þ
As a reﬁnement of the classical compressible Navier–Stokes equations
describing the one-dimensional isentropic viscous gas ﬂow, (1.1) was
proposed by Liu et al. [9] to study vacuum states and it was motivated by
the following considerations.
The ﬁrst is initiated by the mathematical studies on the continuous
dependence on initial data of solutions to Navier–Stokes equations. For
results in this direction, the study of Hoff and Serre [5] showed the failure of
the continuous dependence on the initial data of solutions to the
compressible Navier–Stokes equations with vacuum and constant viscosity
coefﬁcient and, as pointed out in [9], the main reason for this comes from the
independence of the kinematic viscosity coefﬁcient on the density.
Another consideration is from physical point of view. In fact, if one
derives the compressible Navier–Stokes equations from the Boltzmann
equations by exploiting Chapman–Enskog expansion up to the second
order, one can ﬁnd that the viscosity is not constant but depends on the
temperature. For isentropic ﬂow, this dependence is translated into the
dependence of the viscosity on the density.
For simplicity of presentation, we consider only the polytropic gas
throughout the rest of this paper. That is, we assume
P ðrÞ ¼ rg; g > 1; g > y;
mðrÞ ¼ ry; y > 0:
(
ð1:4Þ
As pointed out by Okada et al. [16], for the hard sphere interaction the
relation between y and g is
y ¼
g 1
2
: ð1:5Þ
Here in (1.4) we have normalized the constants in P ðrÞ and mðrÞ to be 1.
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convert the free boundaries into ﬁxed boundaries by using Lagrangian
coordinates. As in [7, 9, 10, 13–16, 20], we introduce the coordinates
transformation
x ¼
Z x
aðtÞ
rðy; tÞ dy; t ¼ t; ð1:6Þ
then the free boundaries aðtÞ and bðtÞ become
x ¼ 0 and x ¼
Z bðtÞ
aðtÞ
rðy; tÞ dy ¼
Z b
a
rðy; 0Þ dy ð1:7Þ
with a :¼ að0Þ; b ¼: bð0Þ; where
R b
a rðy; 0Þ dy is the total mass initially.
Without loss of generality, we may assume
R b
a rðy; 0Þ dy ¼ 1:
Hence in Lagrangian coordinates, the free boundary problem (1.1), (1.3)
becomes
rt þ r
2ux ¼ 0; t > 0;
ut þ ðrgÞx ¼ ðr
yþ1uxÞx; 05x51
(
ð1:8Þ
with boundary conditions
rgðd; tÞ ¼ ðryþ1uxÞðd; tÞ; t50; d ¼ 0; 1; ð1:9Þ
and initial data
ðrðx; 0Þ; uðx; 0ÞÞ ¼ ðr0ðxÞ; u0ðxÞÞ; 04x41: ð1:10Þ
The initial boundary problem (1.8)–(1.10) has been studied by many
people (a complete literature in this direction is beyond the scope of this
paper. However, we want to mention [1–20] and the references cited
therein). When the viscosity coefﬁcient is constant, the free boundary
problem for one-dimensional Navier–Stokes equations with one boundary
ﬁxed and the other connected to vacuum was investigated in [14], where the
global existence of the weak solutions was proved. Similar results were
obtained in [15] for the equations of spherically symmetric motion of viscous
gases. Furthermore, the free boundary problem of viscous gases for the one-
dimensional viscous gases which expands into the vacuum has been studied
by many people, see [14, 15, 18] and the reference therein. A further
understanding of the regularity and the behavior of solutions near the
interfaces between the gas and the vacuum was given in [10].
When the viscosity coefﬁcient depends on the density, the local existence
of weak solutions to Navier–Stokes equations with vacuum was studied in
YANG AND ZHAO166[9], where the initial density is assumed to be connected to vacuum with
discontinuities. This property, as shown in [9], can be maintained for some
ﬁnite time. Recently, the authors in [7, 16, 20] obtained the global existence
and uniqueness of weak solutions with the same property for the case when
mðrÞ ¼ ry and 05y51
3
; 05y51
2
; and 05y51; respectively.
It is noticed that the initial density in all the above-mentioned results is
assumed to be compactly supported and connects to vacuum discontinu-
ously, i.e., there is a positive constant C0 > 0 such that infx2½0;1 r0ðxÞ5C0 >
0: Thus, it would be interesting to study the case when y > 0 and r0ðxÞ is
compactly supported and connects to vacuum continuously and this is the
main purpose of our present paper. Note that in this case, the boundary
conditions (1.9) should be replaced by
rð0; tÞ ¼ rð1; tÞ ¼ 0; t50: ð1:11Þ
Now we turn to state our main result. For this purpose, we ﬁrst list the
assumptions that we impose on the initial data:
(A1) There exist two positive constants a > 0;A > 0 such that
r0ðxÞ5Aðxð1 xÞÞ
a; 05a51: ð1:12Þ
(A2) Let n be a sufﬁciently large ﬁxed positive integer (the precise range
of n will be speciﬁed later). We assume
u0ðxÞ 2 L2ð½0; 1Þ; ðryþ10 ðxÞu0xðxÞÞx 2 L
2nð½0; 1Þ; ð1:13Þ
r0ðxÞ 2 L
1ð½0; 1Þ; ðry0ðxÞÞx 2 L
2nð½0; 1Þ: ð1:14Þ
Under the above assumptions, our main result can be stated as follows.
Theorem 1.1 (Main Result). In addition to assumptions ðA1Þ and ðA2Þ
listed above, we assume further that
a5min
1
y
;
3
1þ 3y
;
2
1þ y
;
3
y 1þ jy 1j
 
: ð1:15Þ
Then there is a t1 > 0 sufficiently small such that the free boundary problem
(1.8), (1.11), (1.10) admits a weak solution ðrðx; tÞ; uðx; tÞÞ on ½0; 1  ½0; t1 in
the sense that
rðx; tÞ; uðx; tÞ 2 L1ð½0; 1  ½0; t1Þ \ C1ð½0; t1; L2ð0; 1ÞÞ; ð1:16Þ
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 ½0; t1Þ \ C
1
2 ð½0; t1; L2ð0; 1ÞÞ: ð1:17Þ
Furthermore, the following equations hold:
rt þ r
2ux ¼ 0; ð1:18Þ
ryðx; tÞ þ y
Z t
0
rgðx; sÞ ds ¼ ry0ðxÞ  y
Z t
0
Z x
0
utðy; sÞ dy ds; ð1:19Þ
ðryþ1uxÞðx; tÞ ¼
Z x
0
utðy; tÞ dy þ rgðx; tÞ; ð1:20Þ
d
dt
Z 1
0
uðy; tÞ dy ¼ 0; ð1:21Þ
for almost all x 2 ð0; 1Þ and any t50; andZ 1
0
Z 1
0
ðuft þ ðr
g  ryþ1uxÞfxÞ dx dt þ
Z 1
0
u0ðxÞfðx; 0Þ dx ¼ 0; ð1:22Þ
for any test function fðx; tÞ 2 C10 ð½0; 1  ½0; t1Þ: And the density function has
the lower bound for 04t4t1 as
rðx; tÞ5
A
2
ðxð1 xÞÞa:
Remark 1.1. It is noticed that the set of initial data ðr0ðxÞ; u0ðxÞÞ
verifying all the assumptions listed in Theorem 1.1 is not empty. In fact, if
we choose r0ðxÞ ¼ Aðxð1 xÞÞ
a with the exponent a satisfying
max
1
2y
;
1
g
 
5a5min 1;
1
y
;
3
1þ 3y
;
2
1þ y
;
3
y 1þ jy 1j
 
; ð1:23Þ
then we can always take the positive integer n sufﬁciently large such that a
satisﬁes
a > max
1
2y
;
2n 1
2ng
 
;
a5min 1;
2n 1
2ny
;
2ð2n 1Þ þ 1
nð1þ 3yÞ
;
3
1þ 3y
;
4n 1
2nð1þ yÞ
;
3n 1
nðy 1þ jy 1jÞ
 
;
8>><
>>:
ð1:24Þ
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assumptions listed in Theorem 1.1 are satisﬁed.
Remark 1.2. It is easy to see that (1.23) is satisﬁed if and only if
y > 1
2
; ð1:25Þ
and
g > 1; g5yþ 1
3
: ð1:26Þ
From (1.5), we know that for the hard sphere interaction, (1.26) holds.
Equation (1.25) is required so that both aðtÞ and bðtÞ are bounded.
Before concluding this section, we give the main ideas used in proving
Theorem 1.1. Note ﬁrst that system (1.8) is a hyperbolic–parabolic coupled
system and the parabolicity has degeneracy at the boundaries x ¼ 0; 1 due to
the boundary conditions (1.11), thus the previous existence theorems do not
apply. To get our desired results, as in [7, 9, 16, 20], the main difﬁculties lie in
how to obtain the uniform a priori estimates to certain approximate
solutions of the free boundary problem (1.8), (1.11), (1.10), especially the
following estimates:
A
2
ðxð1 xÞÞa4rðx; tÞ4C1; 04t4t1; 04x41 ð1:27Þ
and
Z t
0
ðutðx; tÞÞ
2n dxþ
Z t
0
Z 1
0
rðx; tÞyþ1u2xtðx; tÞðutðx; tÞÞ
2n2 dx dt4Cðt1Þ;
04t4t1: ð1:28Þ
Here and in what follows, Cð; Þ will be used to denote a generic positive
constant depending only on the quantities listed in the parentheses.
Note that for the case when the initial density connects to the vacuum
discontinuously, once we have the lower bound estimates on rðx; tÞ; i.e., the
estimate of type (1.27) with its right-hand side replaced by a positive
constant Cðt1Þ; estimate (1.28) follows easily. But for our case, to get the
estimate of type (1.27), we need to deal with the estimate of type (1.28)
together. In other words, estimates (1.27) and (1.28) should be established
simultaneously. For this purpose, we need to analyze the singularities of the
density function rðx; tÞ near the boundaries x ¼ 0 and 1 carefully. And that
is why we require the initial density r0ðxÞ to satisfy assumption (1.12) with its
exponent a satisfying certain conditions like (1.23). It is also worth pointing
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estimates (1.27) and (1.28).
The rest of this paper is organized as follows. In Section 2, we derive our
main a priori estimates in the continuous form. In Section 3, the
construction of the approximate solutions by the line method is stated
and the corresponding discrete version of the a priori estimates established
in Section 2 are given. To prove the estimates hold in the discrete version is
similar to those in [7, 9, 16, 20]. Hence they are omitted for brevity.
2. SOME A PRIORI ESTIMATES
In this section, for simplicity of presentation, we establish certain a priori
estimates for smooth solutions to the initial boundary value problem (1.8),
(1.11), (1.10). The corresponding discrete version will be given in Section 3.
First we list some useful identities
Lemma 2.1 (Some Useful Identities). Under the conditions of Theorem
1.1, we have for 05x51; t > 0 that
d
dt
Z x
0
uðy; tÞ dy ¼ 
d
dt
Z 1
x
uðx; tÞ dy; ð2:1Þ
ðryþ1uxÞðx; tÞ ¼ rgðx; tÞ þ
Z x
0
utðy; tÞ dy ¼ rgðx; tÞ 
Z 1
x
utðy; tÞ dy; ð2:2Þ
ryðx; tÞ þ y
Z t
0
rgðx; sÞ ds ¼ ry0ðxÞ  y
Z t
0
Z x
0
utðy; sÞ dy ds
¼ ry0ðxÞ þ y
Z t
0
Z 1
x
utðy; sÞ dy ds: ð2:3Þ
The proof of Lemma 2.1 is standard and, thus, we omit the details.
The second lemma is concerned with the standard energy estimate, a
uniform upper bound for the density function rðx; tÞ; and a L2-a priori
estimate on ðryÞxðx; tÞ whose proof can be found in [20].
Lemma 2.2. Under the conditions of Theorem 1.1, we can deduce for 05
x51; t > 0; and each fixed constant T > 0 thatZ 1
0
1
2
u2 þ
1
g 1
rg1

 
dxþ
Z t
0
Z 1
0
r1þyu2x dx ds
¼
Z 1
0
1
2
u20 þ
1
g 1
rg10

 
dx; ð2:4Þ
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Z 1
0
r2y2r2x dx4CðT Þ; 04t4T : ð2:6Þ
Here and throughout this paper, Ci ði 2 N Þ will be used to denote a generic
positive constant depending only on the system and the initial data.
Now we give our key a priori estimate on the lower bound estimate of the
density function rðx; tÞ which is the main contribution of our present paper.
Lemma 2.3. If the assumptions listed in Theorem 1.1 are satisfied, then
there is a sufficiently small t1 > 0 such that for 05x51; 04t4t1
rðx; tÞ5
A
2
ðxð1 xÞÞa ð2:7Þ
and
Z 1
0
ðutÞ
2m dxþ
Z t
0
Z 1
0
r1þyu2xtðutÞ
2m2 dx dt4Cðt1Þ; m ¼ 1 or n: ð2:8Þm
The proof of Lemma 2.3 follows from the following lemmas. The ﬁrst
lemma is concerned with an inequality of the Gronwall type.
Lemma 2.4 (Gronwall’s Inequality). Suppose that a continuous function
yðtÞ satisfies
04yðtÞ4C2 þ C3
Z t
0
ðyðsÞÞ1þ1=n ds: ð2:9Þ
Then we have
04yðtÞ4
C2
ð1 nC2C3tÞ
1=n
42C2; 04t4
1 2n
nC2C3
: ð2:10Þ
The next lemma is concerned with a rough estimate on
R 1
0 ðutðx; tÞÞ
2n dx:
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Z 1
0
ðutÞ
2n dxþ nð2n 1Þ
Z t
0
Z 1
0
r1þyu2xtðutÞ
2n2 dx dt
4C4 þ 2nð2n 1Þðyþ 1Þ
2
Z t
0
Z 1
0
r3þyu4xðutÞ
2n2 dx dt
þ 2nð2n 1Þg2
Z t
0
Z 1
0
r2gþ1yu2xðutÞ
2n2 dx dt: ð2:11Þ
Proof. Differentiating ð1:8Þ2 with respect to the time variable t; multi-
plying the resulting identity by 2nðutÞ
2n1; and integrating the ﬁnal results
with respect to x and t over ½0; 1  ½0; t; we deduce
Z 1
0
ðutÞ
2n dxþ 2n
Z t
0
Z 1
0
ðrgÞxtðutÞ
2n1 dx dt
¼
Z 1
0
ðu0tÞ
2n dxþ 2n
Z t
0
Z 1
0
ðr1þyuxÞxtðutÞ
2n1 dx dt:
ð2:12Þ
Since
u0t ¼ ðryþ10 u0xÞx  ðr
g
0Þx; ð2:13Þ
we have from (1.13) and (1.14) that
Z 1
0
ðu0tðxÞÞ
2n dx4C4: ð2:14Þ
On the other hand, using integration by parts, we have
2n
Z t
0
Z 1
0
ðr1þyuxÞxtðutÞ
2n1 dx dt
¼ 2n
Z t
0
Z 1
0
fðr1þyuxÞtðutÞ
2n1gx dx dt  2n
Z t
0
Z 1
0
ðr1þyuxÞt½ðutÞ
2n1x dx dt
¼ 2nð2n 1Þ
Z t
0
Z 1
0
r1þyðutÞ
2n2u2xt dx dt þ 2nð2n 1Þðyþ 1Þ

Z t
0
Z 1
0
r2þyu2xðutÞ
2n2uxt dx dt: ð2:15Þ
As to the second term on the right-hand side of (2.12), we can get
YANG AND ZHAO172similarly
2n
Z t
0
Z 1
0
ðrgÞxtðutÞ
2n1 dx dt
¼ 2n
Z t
0
Z 1
0
fðrgÞtðutÞ
2n1gx dx dt  2nð2n 1Þ
Z t
0
Z 1
0
ðrgÞtðutÞ
2n2utx dx dt
¼ 2nð2n 1Þg
Z t
0
Z 1
0
rgþ1uxuxtðutÞ
2n2 dx dt: ð2:16Þ
Here in (2.15) and (2.16), we have used the boundary condition (1.11) and
Eq. (1.8).
Substituting (2.14)–(2.16) into (2.12) deduces
Z 1
0
ðutÞ
2n dxþ 2nð2n 1Þ
Z t
0
Z 1
0
r1þyðutÞ
2n2u2xt dx dt
4C4 þ 2nð2n 1Þðyþ 1Þ
Z t
0
Z 1
0
r2þyu2xðutÞ
2n2uxt dx dt
 2nð2n 1Þg
Z t
0
Z 1
0
rgþ1uxuxtðutÞ
2n2 dx dt: ð2:17Þ
From Cauchy–Schwarz inequality, we have
2nð2n 1Þðyþ 1Þ
Z t
0
Z 1
0
r2þyu2xðutÞ
2n2uxt dx dt
41
2
nð2n 1Þ
Z t
0
Z 1
0
r1þyðutÞ
2n2u2xt dx dt
þ 2nð2n 1Þðyþ 1Þ2
Z t
0
Z 1
0
r3þyu4xðutÞ
2n2 dx dt ð2:18Þ
and
 2nð2n 1Þg
Z t
0
Z 1
0
rgþ1uxuxtðutÞ
2n2 dx dt
41
2
nð2n 1Þ
Z t
0
Z 1
0
r1þyðutÞ
2n2u2xt dx dt
þ 2nð2n 1Þg2
Z t
0
Z 1
0
r2gþ1yu2xðutÞ
2n2 dx dt: ð2:19Þ
Combining (2.17) and (2.18) with (2.19), we can get (2.11) immediately.
This completes the proof of Lemma 2.5. ]
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Throughout the rest of this paper, we will assume that a and n are suitably
chosen such that (1.24) holds.
Suppose ﬁrst that the following a priori estimate holds
rðx; tÞ5
1
2
Aðxð1 xÞÞa; 04x41; 04t4t1: ð2:20Þ
Here t1 is deﬁned by
t1  minf%t1; %t2; %t3g ð2:21Þ
with %t3 deﬁned by (2.36) and
%t1 ¼
1 2n
nC9ðC4 þ C9Þ
; %t2 ¼
1
2
3

 y
C11
: ð2:22Þ
Here C4;C9; and C11 are positive constant whose precise deﬁnitions will be
speciﬁed later.
We now show that (2.8m) holds provided that (2.20) is ture. Without loss
of generality, we only pay our attention to the case m ¼ n:
In fact, from (1.20) and (2.20), we have
ðr3þyu4xÞðx; tÞ ¼ r
13yðx; tÞðr1þyuxÞ
4
¼ r13yðx; tÞ
Z x
0
utðy; tÞ dy þ rgðx; tÞ
 4
4 16r13yðx; tÞ
Z x
0
utðy; tÞ dy
 4
þr4gðx; tÞ
( )
4 16r13yðx; tÞ
Z 1
0
ðutÞ
2nðx; tÞ dx
 4=2n(
ðxð1 xÞÞð4ð2n1ÞÞ=2n þ r4g
)
4C5f1þ ðxð1 xÞÞ
ð2ð2n1ÞÞ=nð1þ3yÞajjutðtÞjj
4
L2ng: ð2:23Þ
Here, we have used the following inequality:
Z x
0
utðy; tÞ dy

4
Z 1
0
u2nt ðy; tÞ dy
 1=2n
ðxð1 xÞÞð2n1Þ=2n ð2:24Þ
YANG AND ZHAO174and the fact
4g 1 3y > 0: ð2:25Þ
Consequently,
Z 1
0
ðr3þyu4xÞ
nðx; tÞ dx4C6 1þ
Z 1
0
ðxð1 xÞÞ2ð2n1Þð1þ3yÞna dxjjutðtÞjj
4n
L2n

 
4C6ð1þ jjutðtÞjj4nL2n Þ ð2:26Þ
provided that a and n are suitably chosen such that
a5
4n 1
nð1þ 3yÞ
:
Thus
Z 1
0
r3þyu4xðutÞ
2n2 dx4
Z 1
0
ðutÞ
2n dx

 ðn1Þ=n Z 1
0
r3þyu4x
 n
dx

 1=n
4 ðC6Þ
1=nð1þ jjutðtÞjj4nL2n Þ
1=njjutðtÞjj2n2L2n
4C7ð1þ jjutðtÞjj2nþ2L2n Þ: ð2:27Þ
Similarly, we can deduce that
Z 1
0
r2gþ1yu2xðutÞ
2n2 dx4
Z 1
0
ðutðtÞÞ
2n dx

 ðn1Þ=n Z 1
0
rð2gþ1yÞnu2nx dx

 1=n
4C8 1þ jjutðtÞjj2nL2n
 
ð2:28Þ
provided that
a5
4n 1
nð1þ yÞ
:
Substituting (2.27) and (2.28) into (2.11), we arrive at
Z 1
0
ðutÞ
2n dxþ
Z t
0
Z 1
0
r1þyu2xtðutÞ
2n2 dx dt4C4 þ C9ð1þ jjutðtÞjj2nþ2L2n Þ; ð2:29Þ
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Z 1
0
ðutÞ
2n dxþ
Z t
0
Z 1
0
r1þyu2xtðutÞ
2n2 dx dt42ðC4 þ C9Þ;
04t4t14%t1: ð2:30Þ
This proves (2.8) with Cðt1Þ ¼ 2ðC4 þ C9Þ:
To conclude the proof, we only need to show that the a priori hypothesis
(2.20) can be closed. To do so, we have ﬁrst from (1.19), (2.24), (2.30), and
the fact that ay52n12n that
ryðx; tÞ þ y
Z t
0
rgðx; sÞ ds ¼ ry0ðxÞ  y
Z t
0
Z x
0
utðy; sÞ dy ds
5Ayðxð1 xÞÞya  y
Z t
0
jjutðsÞjjL2n dsðxð1 xÞÞ
ð2n1Þ=2n
5 ðxð1 xÞÞyafAy  C10tðxð1 xÞÞ
ð2n1Þ=2nyag
5 ðxð1 xÞÞyafAy  C11tg
5 ð2
3
AÞyðxð1 xÞÞya ð2:31Þ
provided that
04t4t14%t2: ð2:32Þ
To get a lower bound on rðx; tÞ from (2.31), we need to get a upper bound
on the term
R t
0 r
gðx; sÞ ds for sufﬁciently small t: For this purpose, we set
ZðtÞ ¼
Z t
0
rgðx; sÞ ds ð2:33Þ
and similar to that of (2.31), we can deduce that ZðtÞ satisﬁes the following
differential inequality from (1.19):
½Z 0ðtÞy=g þ yZðtÞ4ðAy þ C12tÞðxð1 xÞÞ
ya4C13ð%t1Þðxð1 xÞÞ
ya: ð2:34Þ
Noticing Zð0Þ ¼ 0 and 05y5g; we ﬁnally deduce from (2.34) that
yZðtÞ5C13ð%t1Þðxð1 xÞÞ
ya
 f½1þ ðg yÞðC13ð%t1Þðxð1 xÞÞ
yaÞðgyÞ=yty=ðygÞ  1g: ð2:35Þ
By choosing %t3 sufﬁciently small such that
C13ð%t1Þf½1þ ðg yÞðC13ð%t1Þðxð1 xÞÞ
yaÞðgyÞ=y %t3y=ðygÞ þ 1g
4ðð2
3
Þy  ð1
2
ÞyÞAy; ð2:36Þ
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 y
Z t
0
rgðx; sÞ ds5 ðð2
3
Þy  ð1
2
ÞyÞAyðxð1 xÞÞya;
04t4t14%t3: ð2:37Þ
Inserting (2.37) into (2.31), we can arrive at
rðx; tÞ5 ð2
3
AÞyðxð1 xÞÞya  y
Z t
0
rgðx; sÞ ds
5 ð23AÞ
yðxð1 xÞÞya  ðð23Þ
y  ð12Þ
yÞAyðxð1 xÞÞya
¼ ð1
2
AÞyðxð1 xÞÞya ð2:38Þ
provided that 04t4t1: This is precisely the a priori hypothesis (2.20) and
thus the proof of Lemma 2.3 is complete. ]
From Lemmas 2.1–2.3, we have
Lemma 2.6. Under the assumptions listed in Theorem 1.1, we get
jjr1þyðx; tÞuxðx; tÞjjL1ð½0;1½0; t1Þ4Cðt1Þ; ð2:39Þ
Z 1
0
juxðx; tÞj dx4Cðt1Þ; 04t4t1; ð2:40Þ
jjuðx; tÞjjL1ð½0;1½0; t1Þ4Cðt1Þ; ð2:41Þ
Z 1
0
jðr1þyuxÞxðx; tÞj dx4Cðt1Þ; 04t4t1: ð2:42Þ
Proof. Since
ðr1þyuxÞðx; tÞ ¼
R x
0 utðy; tÞ dy þ r
gðx; tÞ;
ðr1þyuxÞxðx; tÞ ¼ utðx; tÞ þ ðr
gÞxðx; tÞ;
(
ð2:43Þ
(2.39) follows from (2.8), (2.3) and (2.42) is a direct sequence of (2.8), (2.6)
and the fact y5g:
Noting further that (2.41) is a direct corollary of (2.4) and (2.40), to
complete the proof of Lemma 2.6, we only need to prove (2.40) in the
following.
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uxðx; tÞ ¼r1yðx; tÞ
Z x
0
utðy; tÞ dy þ rg1yðx; tÞ
4C14
( Z 1
0
ðutÞ
2nðy; tÞ dy
 1=2n
ðxð1 xÞÞð1þyÞaþð2n1Þ=2n
þðxð1 xÞÞya
)
: ð2:44Þ
Due to the fact that a satisﬁes
ya51; ð1þ yÞa
2n 1
2n
51; ð2:45Þ
(2.40) follows from (2.44) and (2.45). This completes the proof of Lemma
2.6. ]
Our last lemma in this section is concerned with the L1continuity with
respect to the time variable t on certain quantities.
Lemma 2.7. Under the conditions listed in Theorem 1.1, we have for 05
s5t5t1 that Z 1
0
jrðx; tÞ  rðx; sÞj2 dx4Cðt1Þjt  sj2; ð2:46Þ
Z 1
0
juðx; tÞ  uðx; sÞj2 dx4Cðt1Þjt  sj2; ð2:47Þ
Z 1
0
jðr1þyuxÞðx; tÞ  ðr1þyuxÞðx; sÞj2 dx4Cðt1Þjt  sj: ð2:48Þ
Proof. We ﬁrst prove (2.46). To do so, from ð1:8Þ1 and H .older’s
inequality, we deduce
Z 1
0
jrðx; tÞ  rðx; sÞj2 dx ¼
Z 1
0
Z t
s
rtðx; ZÞ dZ


2
dx
¼
Z 1
0
Z t
s
ðr2uxÞðx; ZÞ dZ


2
dx
4 jt  sj
Z t
s
Z 1
0
ðr4u2xÞðx; sÞ dx ds: ð2:49Þ
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ðr4u2xÞðx; tÞ ¼r
2ð1yÞðx; tÞðr1þyuxÞ
2ðx; tÞ
¼r2ð1yÞðx; tÞ
Z x
0
utðy; tÞ dy þ rgðx; tÞ
 2
4C15r2ð1yÞðx; tÞfjjutðtÞjj2L2n ðxð1 xÞÞ
ð2n1Þ=n þ r2gðx; tÞg
4Cðt1Þð1þ ðxð1 xÞÞ
2ð1yÞaþð2n1Þ=n þ r2ðgyÞþ2ðx; tÞÞ; ð2:50Þ
and since
g > y;
a5
3n 1
2nðy 1þ jy 1jÞ
;
8<
: ð2:51Þ
we have from (2.5) that for 04t4t1Z 1
0
ðr4u2xÞðx; tÞ dx4Cðt1Þ: ð2:52Þ
Combining (2.49) with (2.52), we arrive atZ 1
0
jrðx; sÞ  rðx; tÞj2 dx4Cðt1Þjt  sj2: ð2:53Þ
This proves (2.46).
As to (2.47). SinceZ 1
0
juðx; tÞ  uðx; sÞj2 dx ¼ ðt  sÞ2
Z 1
0
jutðx; xt þ ð1 xÞsÞj2 dx ðx 2 ð0; 1ÞÞ
4 jjutðx; xt þ ð1 xÞsÞjj2L2nðt  sÞ
2
4Cðt1Þjt  sj2; ð2:54Þ
(2.47) follows.
At last, we prove (2.48). To this end, we ﬁrst obtain from Cauchy–
Schwarz inequality thatZ 1
0
jðr1þyuxÞðx; tÞ  ðr1þyuxÞðx; sÞj2 dx
¼
Z 1
0
Z t
s
ðr1þyuxÞtðx; ZÞ dZ


2
dx
4jt  sj
Z t
s
Z 1
0
½ðr1þyuxÞtðx; ZÞ
2 dx dZ: ð2:55Þ
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ðr1þyuxÞtðx; tÞ ¼ ðr
1þyuxtÞðx; tÞ þ ð1þ yÞðryrtuxÞðx; tÞ
¼ ðr1þyuxtÞðx; tÞ  ð1þ yÞðr2þyu2xÞðx; tÞ
¼ ðr1þyuxtÞðx; tÞ  ð1þ yÞryðx; tÞ
Z x
0
utðy; tÞ dy þ rgðx; tÞ
 2
4 jðr1þyuxtÞðx; tÞj þ C16ryðx; tÞfjjutðtÞjj2L2n ðxð1 xÞÞ
ð2n1Þ=n
þ r2gðx; tÞg
4 jðr1þyuxtÞðx; tÞj þ Cðt1Þð1þ ðxð1 xÞÞ
ð2n1Þ=nyaÞ:
ð2:56Þ
Since ð2n1Þn  ya > 
1
2
; we have from ð2:8Þ1 that
Z t
s
Z 1
0
½ðr1þyuxÞtðx; ZÞ
2 dx dZ4
Z t
0
Z 1
0
jr1þyuxtj2ðx; tÞ dx dt
þ Cðt1Þ
2
Z t
0
Z 1
0
ð1þðxð1 xÞÞð2n1Þ=nyaÞ2 dx dt
4Cðt1Þ:
ð2:57Þ
Substituting (2.56) and (2.57) into (2.55), we ﬁnally get
Z 1
0
jðr1þyuxÞðx; tÞ  ðr1þyuxÞðx; sÞj2 dx4Cðt1Þjt  sj: ð2:58Þ
This is (2.48) and completes the proof of Lemma 2.7. ]
Remark 2.1. It is in proving (2.48) that we need the estimate ð2:8Þ1
and as a consequence, another assumption a5 3
1þ3y must be
imposed.
3. THE PROOF OF THEOREM 1.1
To construct a weak solution to the initial boundary value problem (1.8),
(1.11), (1.10), we apply the line method as in [13], which can be described as
follows. For any given positive integer N ; Let h ¼ 1N : Discretizing the
derivatives with respect to x in (1.8), we obtain the system of 2N ordinary
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d
dt
rh2nðtÞ þ ðr
h
2nðtÞÞ
2u
h
2nþ1ðtÞ  u
h
2n1ðtÞ
h
¼ 0;
d
dt
uh2n1ðtÞ þ
ðrh2nðtÞÞ
g  ðrh2n2ðtÞÞ
g
h
¼
1
h2
fðrh2nðtÞÞ
1þyðuh2nþ1ðtÞ  u
h
2n1ðtÞÞ
ðrh2n2ðtÞÞ
1þy uh2n1ðtÞ  u
h
2n3ðtÞ
 
g;
8>>>>><
>>>>>:
ð3:1Þ
with the boundary conditions
rh0ðtÞ ¼ r
h
2N ðtÞ ¼ 0 ð3:2Þ
and initial data
rh2nð0Þ ¼ r0ð2n
h
2
Þ;
uh2n1ð0Þ ¼ u0
 
ð2n 1Þ
h
2
!
;
8>><
>>:
ð3:3Þ
where n ¼ 1; 2; . . . ;N and for n ¼ 1 and N ; we set uh1ðtÞ ¼ u
h
2Nþ1ðtÞ ¼ 0:
In what follows, we will use ðr2n; u2n1Þ to replace ðr
h
2nðtÞ; u
h
2n1ðtÞÞ for
simplicity without any ambiguity.
By exploiting the a priori estimates established in Section 2 and the
arguments in [16], we can prove the following lemmas for obtaining the
uniform a priori estimates to the approximate solutions to (3.1)–(3.3) with
respect to h: Since they are the same as or similar to those in [16], we omit
their proofs for brevity.
Lemma 3.1. Let ðr2nðtÞ; u2n1ðtÞÞ ðn ¼ 1; 2; . . . ;N Þ be the solution to (3.1)–
(3.3). Then we have
XN
n¼1
ð1
2
u22n1ðtÞ þ
1
g 1
rg12n ðtÞÞhþ
Z t
0
XN
n¼1
r1þy2n ðsÞ
u2nþ1ðsÞ  u2n1ðsÞ
h

 2
h ds
¼
XN
n¼1
1
2
u22n1ð0Þ þ
1
g 1
rg12n ð0Þ

 
h: ð3:4Þ
As a consequence of (3.4), the problem (3.1)–(3.3) has a unique global
solution for any given h > 0:
By employing (3.1)–(3.3) and from the technique of sum by parts, we have
A VACUUM PROBLEM FOR COMPRESSIBLE NAVIER–STOKES EQUATIONS 181Lemma 3.2. The solution ðr2nðtÞ; u2n1ðtÞÞ ðn ¼ 1; 2; . . . ;N Þ to (3.1)–(3.3)
obtained in Lemma 3.1 satisfies the following identities:
ry2nðtÞ ¼ r
y
2nð0Þ 
Z t
0
Xn
m¼1
d
dt
u2m1ðsÞh ds y
Z t
0
rg2nðsÞ ds; ð3:5Þ
r1þy2n ðtÞ
u2nþ1ðtÞ  u2n1ðtÞ
h
¼
Xn
m¼1
d
dt
u2m1ðtÞhþ r
g
2nðtÞ; ð3:6Þ
d
dt
XN
n¼1
uh2n1ðtÞh ¼ 0: ð3:7Þ
Having obtained (3.5)–(3.7), the corresponding discrete version of (2.5)–
(2.7), (2.8m) can be stated as follows.
Lemma 3.3. Under the assumptions listed in Theorem 1.1, we have that
there is a sufficiently small t1 > 0 such that, for n ¼ 1; 2; . . . ;N ; 04t4t1; the
solution ðr2nðtÞ; u2n1ðtÞÞðn ¼ 1; 2; . . . ;N Þ to (3.1)–(3.3) satisfies
r2nðtÞ4C1; ð3:8Þ
XN
n¼1
ry2nðtÞ  r
y
2n2ðtÞ
h

 2
h4Cðt1Þ; ð3:9Þ
r2nðtÞ5
1
2
Aðnhð1 nhÞÞa; ð3:10Þ
XN
j¼1
d
dt
u2j1ðtÞ
 2m
hþ
Z t
0
XN
j¼1
r1þy2j ðsÞ
d
dt
u2j1ðsÞ
 2m2

d
dt
u2n1ðsÞ 
d
dt
u2n3ðsÞ
h
0
B@
1
CA
2
h ds4Cðt1Þ; m ¼ 1 or n: ð3:11Þ
Based on Lemma 3.3, by mimicking the arguments developed in [16] and
used in deducing Lemmas 2.6 and 2.7 in the last section, we can get the
following estimates.
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1; 2; . . . ;N and 04s4t4t1 that
r1þy2n ðtÞ
u2n1ðtÞ  u2n3ðtÞ
h

4Cðt1Þ; ð3:12Þ
XN
n¼1
ju2n1ðtÞ  u2n3ðtÞj4Cðt1Þ; ð3:13Þ
ju2n1ðtÞj4Cðt1Þ; ð3:14Þ
XN
n¼1
r1þy2n ðtÞ
u2nþ1ðtÞ  u2n1ðtÞ
h
 r1þy2n2ðtÞ
u2n1ðtÞ  u2n3ðtÞ
h

4Cðt1Þ; ð3:15Þ
XN
n¼1
jr2nðtÞ  r2nðsÞj
2h4Cðt1Þjt  sj2; ð3:16Þ
XN
n¼1
ju2n1ðtÞ  u2n1ðsÞj
2h4Cðt1Þjt  sj2; ð3:17Þ
XN
n¼1
r1þy2n ðtÞ
u2nþ1ðtÞ  u2n1ðtÞ
h
 r1þy2n ðsÞ
u2nþ1ðsÞ  u2n1ðsÞ
h


2
h
4Cðt1Þjt  sj: ð3:18Þ
Now we turn to prove Theorem 1.1.
First, we can deﬁne the sequence of approximate solutions ðrhðx; tÞ;
uhðx; tÞÞ for ðx; tÞ 2 ½0; 1  ½0; t1 as follows:
rhðx; tÞ ¼ r2nðtÞ;
uhðx; tÞ ¼
1
h
x n
1
2

 
h

 
u2nþ1ðtÞ þ nþ
1
2

 
h x

 
u2n1ðtÞ
 
8><
>:
ð3:19Þ
for ðn 1
2
Þh5x5ðnþ 1
2
Þh: Then we have
@
@x
uhðx; tÞ ¼
u2nþ1ðtÞ  u2n1ðtÞ
h
ð3:20Þ
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A
2
ðxð1 xÞÞa4rhðx; tÞ4C1;
juhðx; tÞj4Cðt1Þ;
jryþ1h ðx; tÞ
@
@x
uhðx; tÞj4Cðt1Þ:
8>><
>>>:
ð3:21Þ
With the above estimates in hand, we can easily prove Theorem 1.1 by
using Helly’s theorem and arguments in [9, 10, 14–16]. The details are
omitted.
Remark 3.1. Although a local existence result has been established in
this paper, it would be of some importance and interest to see how to extend
it globally and to describe the asymptotics of rðx; tÞ: The last problem is, in
some sense, equivalent to study the evolution of the interfaces. Such
problems will be our research in the near future.
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